We obtain an important result related to the negative local energy density of a massless quantum free scalar field in the context of quantum inequalities. In fact, considering an inertial observer on a world-line of the Minkowski space-time and a massless quantum free scalar field such that its energy density can take negative values, an interesting theorem is derived by choosing truncated Dirac´s delta function as sampling function relative to two key quantum inequalities. By the above theorem, we obtain a lower bound for the average value of an involved relevant function of polynomial growth.
Introduction
Energy density is classically point-wise non-negative but can take negative expectation values after quantization although the spatially integrated density retains its natural nonnegativity. Consider, for instance, backflow by which the state of a quantum particle with one-dimensional motion is a superposition of right-moving plane waves. It has been shown that the probability of finding the particle in the right-hand half-line may decrease, i.e., the probability flux may be negative despite that the expectation value of the momentum, as well as any power of it, of the particle is non-negative. In quantum mechanics and quantum field theory as well as in quantum optics and condensed matter physics [1] [2] [3] [4] , interesting examples upon negative energy density can be found although the corresponding spatially integrated density, that is, the energy, remains positive. In particular, quantum field theory is a domain where crucial questions are certainly linked to problems related to negative local energy density.
Quantum field theory presents examples in which the spatially-averaged energy density of a given scalar field, since it is continuous, then takes both strictly positive and negative values and can also vanish. On the other hand, all the pointwise energy conditions of classical general relativity do not hold in quantum field theory. In general relativity, a classical field satisfies the so-called weak energy condition after which the energy density is everywhere non-negative as measured by every observer. But, as in backflow, in quantum field theory we appreciate that the negativeness of the energy density is not arbitrary at least for inertial observers. As a matter of fact, certain restrictions to (in principle) arbitrarily negative energy density are governed by the socalled quantum inequalities. In this respect, the purpose of the present note is to prove a theorem based upon two of these inequalities in relation to a given massless quantum free scalar field measured on an inertial world-line of the Minkowski space-time. Our formulation opens new avenues to treat satisfactorily the main problems of the subject in question which, to date, has been tackled in wrong papers of an appreciable part of the current literature as, for instance, ref. [5] where manifestly wrong approaches have been done.
Theory
First we regard the following quantum inequality for a quantized free scalar field measured over an inertial world-line of the Minkowski space-time (see, for instance, ref. 
Furthermore, one has:
